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1. INTRODUCTION
In the scope of fuzzy based-rule inference, implication functions play an
important role in such construction, providing distinct scenarios in fuzzy systems.
by exploring different classes of aggregations and fuzzy negations (MESIAR. and
KOMORMIKOVA, 1997).

This research explores essential conditions guaranteeing that general
overlap/grouping functions (PINHEIRO et al, 2021) can be constructed from the
equivalent n-dimensional operators (QIAO and HU, 2018). In addition,
constructive methods are considered to generate new implications through the
concepts of general overlap/grouping functions (FODOR, 1995).

The presented results on aggregations contribute to comprehensive and
flexible fuzzy inference systems by applying fuzzy implication structures
(BACZYNNSKI and JAYARAM, 2010).

2. METHODOLOGY

As theoretical research on general overlap/grouping functions, this research
considers the incremental study of n-dimensional overlap/grouping functions, not
only as extensions of overlap/grouping functions, but investigating their properties
and exploring main classes. So, the presented results can be further explored in
inference relations in decision making fuzzy systems (BUSTINCE et al, 2012).

An aggregation (AF) A:[0,1]"-[0,1] verifies the properties :
[A1]A(0,0,...,0) = 0 and A(1,1,...,1) = 1 (boundary conditions);
[A2] A(x1,....xn)<A(X'1,..., x'n) if xi<x'i, V xi, X'i €[0,1]1e ViIiEN, (monotonicity).

An n-dimensional overlap function 0O:[0,1]"—[0,1] is a continuous and
commutative function verifying A1, A2 and the following two conditions:
(i) [1N=1xi = 0 & O(x1,...,,xn)=0; (i) [ 124 xi=1 & O(x1,...,,xn)=1.
By relaxing the necessary conditions, a general overlap GO:[0, 1]" —[0, 1] is given
as a continua and commutative function verifying A1, A2 and the next conditions:
() [1=1 xi = 0 = GO(x1,...,,xn)=0; (i) [1"=1 xi=1 = GO(x1,...,,xn)=1.

An n-dimensional grouping function G:[0,1]"—[0,1] is continuous,

commutative and also verifies A1, A2 and the following two conditions:
() [N=1xi = 0 & G(x1,...,,xn)=0; (i) T4 xi=1 & G(x1,...,,xn)=1.
By relaxing the necessary conditions, a general grouping GG:[0, 1]" —[0, 1] is
continuous, commutative satisfying A1 and A2 together with the conditions
() [TN=1 xi = 0 = GG(x1,...,,xn)=0; (i) [1"=1 xi=1 = GG(x1,...,,xn)=1.

See Table 1, illustrating general overlap/grouping (O/G) functions and
n-dimensional overlap/grouping (O,/G,), including related bivariate expressions.
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Table 1. General-overlap and General-grouping functions.

| General Overlap Function O | © On | | General Grouping Function G | G G |
#) = min? . " .
Oy (5) mllr_l[::l zi-maxl zl, p>0 v Grr(7) = %ﬂ__:‘:_; a,
.
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Os(#) = sin(F(I[}; 2:)"),p > 0 S Gu(@)=(1-1", (1 - ;)) min(¥0, 2;,1) oL
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_ oL@, ifoL@ < . Gr () =1 0 n K X
Og(Z) = {1, " otherwise, X X T (maxi, z; - k), 0<k <1

3. RESULTS AND DISCUSSION
This section introduces the methods to generate GOF/GGF based on an
aggregation A:[0,1]"—[0,1]. For O<a<bs=1, the function Az:[O, 1]"—[0, 1] given as

0, if A(Z) <a
Ab(Z) = {1, it A(Z) >b
AlD—a = if g < A(F) < b.

One can easily observe that, whenb =1, 4 = =A'anda= 0, A’ = A Now,
we show the conditions under which GOF can be oBtainéd from AF.

Proposition 1. Let 0<a<b<1 and 0 [0, 1]"—[0, 1] be an n-DOF. Then,
(a) Ob is a GOF which satisfies neither (i) nor (ii);
(b) 0 is a GOF not satisfying (i) but holding (ii); and
(c) 0 is a GOF holding (i) but not satisfying (ii).

Corollary 1.1: Leta =—, b = % and the bivariate n-DOF 0 [0, 1]2—>[0, 1] given
as 0 (x,y) = min(\/;, \/5). By Prop. 1, GOF generated from o is illustrated:

% T, 1fac<yandgc<]96
(z,y)=

o

(Om) 3VYs 1fy<:candy<
,1fx>—andy>

O, if min(z,y) < 7=

3 _J 1, if min(z,y) >
(Om)%(x,y)— 2(y/x — %), if z < y and ]16 << 196
(\/_ Z),lfy<xand <y<j
, if min(z,y) <
(Omyla)=) (V& . 1 & Loy
(\/@ Z)a < Y= <z
Corollary 1.2: Take a = %, b = {? and S:[0,1] —>[0, 1], OS(x,y)=sin(%xy) as a

bivariate overlap function. By Prop.1, see other GOF given as:
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N 2y3 sin(Zzy), if0<zy < 2
—{ 3 2 TY); STY= 3
(Os) (@,y) {1, otherwise.

~ 0, if0<zy <
(05)) (@,y)={ L, if § <oy <1
2 —

2sin(Lx 1 .
it W Tt
\E@_?] , otherwise.

O, if0 <2y < %
(OSH(&?: y)—{g sin(g:ry) — %? otherwise.

Proposition 2. Let Gn: [0, 1]” - [0, 1] be an n-DGF. Then, the following holds:

(@) G, is a GGF that satisfies neither (i) nor (ii).
(b) G, is a GGF not satisfying (i) but holding (ii).
(c) G is a GGF holding (i) but not satisfying (ii).
Corollary 2.1. Let G: [0,1]° — [0, 1], G _(x,) = min(/1 — x,+1 — y) bea
bivariate grouping function. By Prop. 2, see the related GGF:
, 0, ifr=y=0

(G)1 (2, y)=q 1, if z,y € [1g. 1]
3(1 — min(y/1 — z, /T —y), otherwise.

0, if x,y € [0, %]

(2, )= 1, if z,y € [%,1]
LYY _oyT — o, ifmzyand%<$<}—§

§—2\/1— , ify > xand {5 <y < {5,

Wl

(9)

0, if z,y € [0, {5

(2, )= 1, ifr=1lory=1
YT\ -2/ T—a, ifz>yand Z <z <1

(9) 4 i
3 : 16
1—3v1I—uy, 1fy2:cand%<y<l.

1
1

Corollary 2.2. Let Gg[0,1]" = [0, 1], Gg(x,y)=min(1,2-(1-x)?-(1-y)? be a bivariate
grouping function, a = %and b = %. By Prop. 2, Gg generates the following GGF:

. 0,ifr=y=1
(gg:l;_l(:c,y::{l, if 0 <min(v1—-z,v/1—y) <3
(1 — min(y/1 — z, /1 — y), otherwise.
0, if I <(1-2)*+(1-y)?
( y)—{

(Gn)? 1, if 0 < (1—2)%+ (1 —y)?
1 b 1 )




82 SEMANA

INTEGRADA XXXI CIC — CONGRESSO DE INICIACAQ CIENTIFICA
UFPEL 2022

4. CONCLUSIONS

The proposal recovers the characteristics of general overlap/grouping
functions, proposing a constructive model for the generation of general overlap
(grouping) functions by n-dimensional overlap (grouping) functions. Examples of
classes are presented in order to validate the methods.

Further works include the generalization of other properties such as the
O-conditionality law and distributivity laws of implications (DIMURO et al, 2029).
So, the results can be extended for the interval-valued approach by considering
admissible orders (CAO and HU, 2021).
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